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Abstract Functional testing is key to fulfill quality control in laptop manufacturing and is of great

economic value. However, due to the unavailability of practical data, mathematical model and system-

atic perspective, it has barely been touched from the academic community to date. For the first time,

this work provides technical understanding of the key principles of functional testing, mathematically

models the general framework, elucidates existing testing strategy under the proposed framework and

model, and finally proposes a specified optimization strategy which outperforms existing strategies.

This work lays the model foundation for the further optimization of functional testing, and can be

regarded as a good example of how a systematic approach can solve practical industrial challenges.
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1 Introduction

Functional testing is key to fulfill quality control in laptop manufacturing[1–5], whose general
workflow is depicted in Figure 1. In the so-called end-to-end functional testing workflow[6], there
exist two main functional testing stages: Printed circuit boards (PCBs) first go through the
surface mount technology (SMT) production line to be produced as the motherboards, which
are functionally tested and the defective ones are repaired; Finished laptops are also functionally
tested, with the defective ones being repaired as well. Due to harsh quality control requirement,
typically 100% finished laptops are functionally tested, meaning that we have to focus on the
motherboard functional testing stage for any optimizing purpose[7–9].

Figure 1 General framework of end-to-end functional testing in laptop manufacturing

For the motherboard functional testing stage, the testing line is installed following immedi-
ately after the SMT production line[10]. A typical motherboard to be tested involves about 30
different testing items, which have to be tested sequentially and cost several hundreds seconds
if all functional items are tested. An automated testing machine can help prepare the testing
and switch between different testing items. It is realized that it can be too time consuming
for the production line to have all functions of all motherboards tested, but without sufficient
functional testing of the motherboards it will cause more repair cost of defective finished laptops
(see detailed discussions in Section 2). This creates a contradiction and is the main concern of
the present work.

In a typical laptop manufacturing factory considered in this work (referred to as “Factory L”
hereafter for privacy consideration), which is one of the largest all over the world, it has more
than 30 such production lines, thus consequently accompanying more than 30 motherboard
functional testing lines. Besides the space taken by the testing lines, the equipment of one
automated testing line costs nearly 107 CNY, which includes 48 testing machines with each
costing approximate 105 CNY, and necessary accessories costing approximate 4 × 106 CNY.
Hence, in total the equipment only costs nearly 3 × 108 for motherboard functional testing
in Factory L. This high cost justifies the economic value of optimizing functional testing in
Factory L.

Though practically significant, such a seemingly urgent need remains barely touched from
the academic community. The reasons are threefold.

• Data unavailability. It is understood that such a need is not public to the academic
community at all, as the data are regarded as a business secret. They are open only to
those trusted technical staff within Factory L, and possibly few people in academia who
collaborate closely with these factories. This means, only a few people in academia may
touch the problem in the first instance.



2408 BAI Peng, et al.

• Model unavailability. Due to the above reason, it is not surprising to find no well-
formulated mathematical model for the problem at all. This creates huge challenges
for the academic community to work on this problem, since anyone with interest has to
first dig into the whole process and build his/her own model first, before any working
solution to the problem.

• Systematic-perspective unavailability. In our more than two years of collaboration with
Factory L, we find that the technical staff have not even realized that the testing lines can
be optimized in a systematic way and hence have never thought of seeking for external
help from the academic community. They intend to focus merely on the specific technical
issues of particular equipment and operation, but not the whole process from a systematic
perspective[11–18]. Their attitude is understandable, but unfortunately contributes to
the separation between the industry and academia on this very problem. It is worth
mentioning that our present work on the modeling of this very process, was not initiated
by the invitation of Factory L, but by our own observation on the whole production line,
within a larger smart manufacturing project collaborating with Factory L. This could
be one key reason why our team can make an academic contribution to this industrial
challenge but others do not.

By realizing the practical significance and academic absence as discussed above, in this work,
we go deep into the production line of laptop manufacturing in Factory L, model the general
framework of functional testing, and propose new testing strategies to optimize the testing line.
Specifically, our contributions include:

• Technical understanding of the key principles in functional testing. In Section 2, three
key principles, previously ambiguously comprehended by the technical staff, are explicitly
stated and explained, which lay the foundation of the general motherboard functional
testing framework.

• Mathematical modeling of the general framework of motherboard functional testing. In
Section 3, the motherboard functional testing problem is for the first time mathematically
modeled as an optimization problem, which lay the foundation of any further optimizing
strategies for functional testing.

• Practical elucidating of Factory L’s testing strategy under the general framework. In
Section 4, we are able to elucidate why Factory L’s existing strategy is designed in such
a way, under our proposed general framework and model.

• A specified optimization strategy which outperforms existing strategies. In Section 5, un-
der the general framework, we propose a specified optimization strategy for motherboard
functional testing, which is shown to outperform existing strategies with high economic
value.
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2 Technical Understanding of the Key Principles in Functional

Testing

In this section we reveal three key principles in functional testing, which are previously
ambiguously comprehended by the technical staff only. These principles are such organized
that they are firstly summarized and then explained in detail. Note that these principles help
the construction of the general mathematical model of functional testing to be detailed in
Section 3.

Principle 2.1 Having 100% finished laptops tested is an inevitable requirement to ensure
quality.

Elucidation In order to meet the harsh quality standards, it is understood that all finished
laptops have to be tested for all the functions. That is, the laptop defectives in the market, is
either hardly found in these functional testing, or occur after being dispatched from the factory.
Such a defective rate is referred to as the Inherent Defective Rate (IDR) of laptops, denoted by
rl
0, which should be relatively small, near 0.

The above 100% functional testing operation for finished laptops are inevitable. We may
interpret this point by the following simple calculations.

Denote the defective rate of all finished laptops (before testing and repairing) by rl
D, and

the ratio of the laptops to be repaired after testing by rl
R. It is then held that

rl
R = rl

D − rl
0. (1)

It is reasonable to assume that most defectives can be found by functional testing, meaning
that rl

D ≈ rl
R. At the same time, rl

D should be a non-neglectable value, otherwise there will be
no need for functional testing in the first instance. The above argument means

rl
D ≈ rl

R � rl
0. (2)

Now suppose we stop doing functional testing for 10% finished laptops, and then the defective
rate of laptops in the market will become

0.1rl
D + 0.9rl

0

rl
0

, (3)

times of the inherent defective rate rl
0. Then, for a typical case of rl

D/rl
0 > 100, a decrease of

10% functional testing cost causes more than 10 times defective rate increase of laptops in the
market. This is simply unacceptable.

Principle 2.2 Decreasing rl
D is a fundamental requirement to decrease repair cost.

Elucidation We now understand that 100% finished laptops have to be tested effectively,
which ensures the laptop quality in the market, but also means that the testing cost for each
laptop, denoted by cl

T , is inevitable.
On the average, the overall testing and repair cost for each laptop, can be written as follows:

cl
A = cl

T + rl
Rcl

R ≈ cl
T + rl

Dcl
R, (4)
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where cl
R is the average repair cost of laptops found defective in the testing operation. In

practice, both rl
D and cl

R are relatively high, causing remarkable repair cost.
We notice that the average testing cost cl

T and the average repair cost cl
R should be some

relatively fixed value and can not be manipulated. To decrease cl
A, the only approach is to

decrease rl
R, and consequently to decrease the defective rate of finished laptops rl

D, since rl
R ≈

rl
D.

Principle 2.3 Motherboard functional testing is the key approach to decreasing rl
D.

Elucidation The defective rate of finished laptops rl
D is affected by the whole manufac-

turing production line. However, it is a fact that the repair cost can be much less if a defective
is found right after its occurrence. Hence, having 100% testing only for finished laptops means
the lowest testing cost but the highest repair cost; On the other hand, testing all laptops right
after each manufacturing operation means the highest testing cost but the lowest repair cost.

The above analysis implies the existence of an optimal solution other than the above two
extreme cases, which can balance between the testing and repair costs. The optimal solution
should meet the following principles.

• Operations with sufficiently high yield should not have dedicated testing, since the testing
cost can be much larger than the repair cost.

• Operations with sufficiently low yield should have dedicated 100% testing right after
this operation, since this testing has to be part of the production line, and hence is
not necessary to be partially tested. This also means that there is no further testing
optimization possibility for such a low-yield operation.

• Operations with normal yield should be tested flexibly, balancing between the testing
and repair costs. The above analysis already reveals that dedicated testing right after an
operation should be 100%, it thus means that flexible testing should not be right after
the operation, and consequently, these flexible testing should be arranged in some break
point of the production line, in order not to interrupt normal production.

The above principles lead immediately the conclusion that finished motherboards should be
functionally tested for the defectives caused by operations with normal yield, since firstly, the
SMT production line and BOX production line are independent from each other, and secondly,
the defectives of motherboards contribute the majority defectives to finished laptops.

3 Mathematical Modelling of the General Framework of Motherboard

Functional Testing

The general framework of motherboard functional testing is depicted in Figure 2. In this
framework, NT different testing items are sequentially tested. For the ith testing item of a
motherboard, denoted by Ti, it is first checked whether testing is needed. If no then check the
next testing item; if yes then do the testing, where the failed testing items are recorded. Only
those passing all testing items or those successfully repaired go to the BOX production line.
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Figure 2 General framework of motherboard functional testing

In what follows, we first formulate the fundamental optimization problem of motherboard
functional testing, and then detail each part of the optimization problem to form the general
mathematical model. We also discuss the the basic solution to the optimization problem.

Notice first that both the testing cost cm
T and the repair cost rm

R are dependent on specific
testing strategies: A well-designed testing strategy can find more defective items at lower testing
cost, while an ill-designed one may spend more testing cost to find only few defective items.
For clarity the concept of functional testing strategy, denoted by S, is formally defined as in
Definition 3.1.

Definition 3.1 (The motherboard functional testing strategy S) A motherboard func-
tional testing strategy is to determine, either for a specific motherboard, whether each testing
item Ti is tested or not; or for a volume of motherboards during a specific time interval, what
percentage of motherboards is tested for each testing item. Clearly, the former is a more gen-
eral interpretation but the latter may be more practical. Based on the above understanding, a
motherboard functional testing strategy, denoted by S, can be written as follows:

S : (p1, p2, · · · , pNT ), S ∈ S, (5)

where pi, interpreted as the testing probability or percentage, is to be determined, and S is the
set of all possible testing strategies.

Based on the testing strategy concept in Definition 3.1, we may then formally model the
fundamental motherboard functional testing problem as follows, which is “fundamental” since
no detailed testing strategy is considered.

Proposition 3.2 (The fundamental optimization problem of motherboard functional test-
ing) The fundamental optimization problem of motherboard functional testing can be modeled
as the minimization of the effective cost cE(S), i.e.,

argmin
S∈S

cE(S), (6)

where

cE(S) = cm
T (S) − ΔcRrm

R (S) (7)

and ΔcR represents the cost difference of a faulty motherboard being repaired as a finished laptop
or as still a motherboard and rm

R is the repair rate of motherboards.
In practice, it is often the case that the functional testing is time constrained, i.e., the testing

time for each motherboard is no longer than tT . In this case the optimization problem above
turns to
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argmin
S∈S

cE(S)

s.t.
NT∑

i=1

pitTi ≤ tT , (8)

where tTi is the average testing time for testing item Ti.

Proof The key to the fundamental optimization problem is to formulate the overall cost,
denoted by cO(S) implying that it is testing strategy S dependent.

cO(S) may be written as the sum of the following items, the testing cost cm
T (S), the average

repair cost of motherboards being faulty and repaired as still motherboards cm
R rm

R (S), and the
average repair cost of motherboards being faulty and repaired as finished laptops cl

R(rD −
rm
R (S)), i.e.,

cO(S) = cm
T (S) + cm

R rm
R (S) + cl

R(rD − rm
R (S)),

where cm
R and cl

R are the average repair costs of motherboards being faulty and repaired as
still a motherboard or as a finished laptop, respectively, and rD is the inherent defective rate
without any testing.

Hence, the fundamental optimization problem is to minimize cO(S), or

argmin
S∈S

cO(S) = argmin
S∈S

{cm
T (S) + cm

R rm
R (S) + cl

R(rD − rm
R (S))}

= argmin
S∈S

{cm
T (S) − ΔcRrm

R (S) + cl
RrD}

= argmin
S∈S

{cm
T (S) − ΔcRrm

R (S)}

:= argmin
S∈S

cE(S),

where ΔcR := cl
R − cm

R > 0, and we may drop the item cl
RrD since both cl

R and rD may be
regarded as some constants and hence do not affect the minimization problem.

Furthermore, the constraint in (8) may be derived from the definition of a testing strategy
in Definition 3.1 straightforwardly. This thus completes the proof.

Remark 3.3 Proposition 3.2 implies that the fundamental optimization problem of moth-
erboard functional testing is to design appropriate testing strategy S (subject to the time con-
straint tTi), such that the overall testing cost cE(S) is minimized. This modeling framework
turns the motherboard functional testing problem to an optimization problem, to find the
optimal testing strategy S which has been appropriately formulated in Definition 3.1.

Based on Proposition 3.2, we can then propose the formal mathematical model of mother-
board functional testing by specifying explicitly the testing strategy S.

Theorem 3.4 The motherboard functional testing problem can be mathematically modeled
as follows:

argmin
S∈S

c(S), (9)
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where

c(S) =
NT∑

i=1

pic
m
Ti + ΔcR

NT∏

i=1

(1 − pirDi), (10)

with cTi being the testing cost of each testing item Ti, and rDi being the actual defective rate of
testing item Ti.

If we consider the time constraint as in (8), the above optimization model (16) then turns
to

argmin
S∈S

c(S)

s.t.
NT∑

i=1

pitTi ≤ tT . (11)

Proof Clearly, the key to the theorem is to formulate the effective cost cE(S) in Proposi-
tion 3.2. We do that by the following three steps.

1) The testing cost cm
T (S) derived from the testing strategy S. Using testing strategy S, the

overall testing cost can be readily obtained as

cm
T (S) =

NT∑

i=1

pic
m
Ti. (12)

2) The repair rate rm
R (S) derived from the testing strategy S. In order to establish the

relationship between the repair rate rm
R (S) and the testing strategy S, we have to make two

assumptions. Firstly, a motherboard will be repaired if it fails any one of the testing items (of
course, there can be more than one testing items that it fails). Secondly, no correlations of any
kind can be found in these testing items, meaning that one may not deduce anything on one
testing item from any other testing item(s). This second assumption may not be always held,
but should be generally true, since otherwise the correlated testing items have already been
ignored in practice.

Based on the above assumptions, the probability of a motherboard being tested to be non-
defective, i.e., 1 − rm

R (S), can be written as the product of the probability of each testing item
being non-defective, 1 − rm

Ri(S), that is,

1 − rm
R (S) =

NT∏

i=1

(1 − rm
Ri(S)). (13)

For any testing item Ti of any specific motherboard, it is reasonable to assume that being
tested can always find whether it is defective, but it remains unknown without testing. Hence,

rm
Ri(S) = pirDi (14)

and therefore,

rm
R (S) = 1 −

NT∏

i=1

(1 − pirDi), (15)
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which builds the relationship between rm
R (S) and S.

3) The model for motherboard functional testing. From (8), (12) and (15), it can be derived
that

arg min
S∈S

cE(S) = argmin
S∈S

{cm
T (S) − ΔcRrm

R (S)}

= argmin
S∈S

{ NT∑

i=1

pic
m
Ti − ΔcR

(
1 −

NT∏

i=1

(1 − pirDi)
)}

= argmin
S∈S

{ NT∑

i=1

pic
m
Ti + ΔcR

NT∏

i=1

(1 − pirDi)
}

= argmin
S∈S

c(S). (16)

This completes the proof.

Proposition 3.5 An optimal testing strategy should consider the following design prin-
ciple: The probability of testing item Ti being tested pi should be inversely proportional to its
actual defective rate rDi, and is adjusted by its testing cost cm

Ti.

Proof To obtain the solution to (10), we may let

∂c(S)
∂pi

= 0,

which yields

cm
Ti

ΔcRrDi
=

NT∏

j �=i

(1 − pjrDj)

or

cm
Ti

ΔcRrDi
(1 − pirDi) =

NT∏

j=1

(1 − pjrDj) = 1 − rm
R (S)

and further,

pi =
1

rDi
− ΔcR

cm
Ti

(1 − rm
R (S)). (17)

Core to the testing strategy S is to determine the testing probability pi of each testing item
Ti. (17) means that for the optimal testing strategy, the probability of testing item Ti being
tested pi should be inversely proportional to its actual defective rate rDi, and is adjusted by
its testing cost cm

Ti, which is consistent with our intuitions.

4 Elucidating Factory L’s Testing Strategy Under the

General Framework

The framework of the motherboard functional testing strategy of Factory L is depicted in
Figure 3. In this strategy, firstly, certain testing items are must-test due to their importance, i.e.,
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being 100% tested regardless of other conditions; secondly, fully testing for a certain percentage
of motherboards (typically 20%) are carried out, while for the left motherboards (typically 80%)
the testing items are optional. An optional testing item is not tested, if 1) it is not a must-test
item; 2) the estimated defective rate of this testing item is sufficiently low; and 3) the number
of motherboards that can be used to estimate its defective rate is more than some threshold
(typically 20000).

Figure 3 General framework of Factory L’s motherboard functional testing strategy

The following theorem makes it clear that the testing strategy in Factory L can be elucidated
under our proposed framework and model in Section 3.

Theorem 4.1 Factory L’s testing strategy can be elucidated under the general framework
in Theorem 3.4, i.e., its strategy, denoted by S0, is designed by optimizing the following average
effective cost,

c(S0) =
∑

Ti∈T0

μcm
Ti +

∑

Ti∈T1

cm
Ti + ΔcR

∏

Ti∈T0

(1 − μrDi)
∏

Ti∈T1

(1 − rDi), (18)

where μ is the percentage of the motherboards being fully tested, and σTi is the indicator that
shows whether the optional testing item Ti is tested, that is, σTi = 1 if Ti is tested, and σTi = 0
if Ti is not tested, and

T0 ={Ti : σTi = 0}, (19a)

T1 ={Ti : σTi = 1}. (19b)

Proof We may formulate the testing strategy of Factory L, denoted by S0, as a special
case of Definition 3.1, i.e.,

S0 : (pi = μ + σTi(1 − μ), i = 1, 2, · · · , NT ). (20)

From (16) and (20), the effective average cost of testing strategy S0 is
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c(S0) =
NT∑

i=1

pic
m
Ti + ΔcR

NT∏

i=1

(1 − pirDi)

=
∑

Ti∈T0

μcm
Ti +

∑

Ti∈T1

cm
Ti + ΔcR

∏

Ti∈T0

(1 − μrDi)
∏

Ti∈T1

(1 − rDi), (21)

where T0 and T1 are defined as in (19).
This completes the proof.

Remark 4.2 By definition σTi is determined by whether the estimated defective rate rTi

of testing item Ti exceeds certain threshold r0
Ti, i.e.,

σTi =

⎧
⎨

⎩
1, rTi ≥ r0

Ti,

0, rTi < r0
Ti,

(22)

rTi can be estimated as follows:

rTi =
NTi(μ)

μM
, (23)

where NTi(μ) is the number of defective testing item Ti being found among M motherboards
with the fully testing percentage being μ. It is understood that rTi approaches rDi with the
increase of μ (and sufficiently large M).

5 A Specified Optimization Strategy Validating the General Frame-

work and Model for Functional Testing

In this section, we specify the general optimization framework for functional testing and
verify its effectiveness numerically.

5.1 A Specified Optimization Strategy

Consider the optimization strategy for an already founded testing line in Factory L. Suppose,
under strategy S, there are in total of q(S) testing machines, each costing uS , and the current
cost for all other accessories in the factory is uA. Let the current strategy of the factory be
S0(μ0). Then, the average cost for each testing machine (with consideration of its accessories)
is

uSA = uS +
uA

q(S0(μ0))
. (24)

Let the average usage life for the testing machines be lSA, then for testing item Ti, its cost
in (10) can be specified as follows:

cm
Ti

=
uSA

lSA
tTi. (25)

The average testing time per motherboard under strategy S is

tT (S) =
NT∑

i=1

pitTi . (26)
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Then the average testing time per motherboard using q(S) testing machines in parallel is

t
a
T (S) =

tT (S)
q(S)

. (27)

Suppose that when using the current strategy and the current testing machines to test in
parallel, the functional testing operation can just keep pace with the motherboard manufactur-
ing operation. Then, the average manufacturing time for each motherboard can be specified as
follows:

tmanuf = t
a
T (S0(μ0)). (28)

In order to prevent motherboard accumulation before the functional testing operation, the
average testing time per motherboard under strategy S should not exceed the average manu-
facturing time per motherboard, i.e.,

t
a
T (S) ≤ tmanuf . (29)

Let the running time for the testing machines be wm
L per week. Typically, the testing

machines run automatically without interruption. Let the working time and wage for the
workers be wR per week and vR, respectively. The average repair costs (time) for the defective
motherboard and laptop are tmR and tlR, respectively. Then, the two costs can be specified as
follows:

cm
R =

vR

wR
tmR , (30)

cl
R =

vR

wR
tlR. (31)

Moreover, other than the constraint in (29), the rework operation for defective motherboards
and laptops should be not slower than the testing operation. Let the workers for repairing
defective motherboards and laptops be nm

R (S) and nl
R(S), respectively. Then, the constraints

on the rework operation can be derived as follows.
On one hand, the average testing time for each motherboard is

t
m
R (S) =

tmR
nm

R (S)
. (32)

The number of defective motherboards that can be repaired per week is

Mm
R (S) =

wR

t
m
R (S)

. (33)

On the other hand, the total number of motherboards detected by the testing machines per
week is

Mm
L (S) =

wm
L

t
a
T (S)

. (34)

The number of defective motherboards detected by the testing machines per week can be
determined using the motherboard rework rate rm

R (S) as follows:

Mm
LD(S) = rm

R (S)Mm
L (S). (35)
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To prevent motherboard accumulation before the rework operation, the number of mother-
boards requiring rework should not be less than the number of defective motherboards detected
by the testing machines, i.e.,

Mm
R (S) ≥ Mm

LD(S). (36)

Similarly, the average time for repairing each defective laptop is

t
l
R(S) =

tlR
nl

R(S)
. (37)

The number of defective laptops that can be repaired per week is

M l
R(S) =

wR

t
l
R(S)

. (38)

Among the Mm
L (S) motherboards tested by the testing machines per week, a proportion of

rm
R (S) defective motherboards are reworked after testing, and a proportion of approximately

rl
R(S) defective motherboards are assembled as laptops and then reworked after laptop testing.

Therefore, the number of defective motherboards assembled in laptops is approximately,

M l
LD(S) = rl

R(S)Mm
L (S) ≈ (rD − rm

R (S))Mm
L (S), (39)

where rD denotes the defect rate of the laptops without the motherboard functional testing
operation.

To prevent the accumulation of tested laptops before the rework operation, the number of
defective laptops requiring rework should be equal to or greater than the number of defective
laptops assembled after motherboard testing, i.e.,

M l
R(S) ≥ M l

LD(S). (40)

Furthermore, an additional constraint on the number of rework workers should be considered
to ensure the automation level of the functional testing operation.

Let the total number of rework workers using strategy S be

nml
R (S) = nm

R (S) + nl
R(S). (41)

To maintain the level of automation in the testing operation, the total number of rework
workers using the new strategy should not exceed the number using the current strategy, i.e.,

nml
R (S) ≤ nml

R (S0(μ0)). (42)

From (16), (29), (36), (40), (42), the optimization problem turns to

min
S∈S

c(S) (43a)

s.t. t
a
T (S) ≤ tmanuf , (43b)

Mm
LD(S) ≤ Mm

R (S), (43c)

M l
LD(S) ≤ M l

R(S), (43d)

nml
R (S) ≤ nml

R (S0(μ0)). (43e)
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To further validate the effectiveness of the established general framework and the model
for functional testing, an additional optimization problem is formulated as follows to provide a
specified strategy for Factory L. In this problem, only the fully testing percentage μ of optional
testing items is optimized within the factory’s framework, while the must-test items remain
unchanged. From (21), (29), (36), (40), (42), the strategy can be specified as follows:

min
µ

c(S0(μ)) (44a)

s.t. t
a
T (S0(μ)) ≤ tmanuf , (44b)

Mm
LD(S0(μ)) ≤ Mm

R (S0(μ)), (44c)

M l
LD(S0(μ)) ≤ M l

R(S0(μ)), (44d)

nml
R (S0(μ)) ≤ nml

R (S0(μ0)). (44e)

With specified parameters, the above optimization problems can be solved in the following
process. First, determine the ranges of q(S), nm

R (S), and nl
R(S) based on practical experience.

Then, by trying different values within the ranges, one may determine the values of q(S), nm
R (S),

and nl
R(S), corresponding to the optimal objective value.

5.2 Validating the Specified Strategy

Due to business privacy requirement, we are not allowed to show the real data here. We
confirm that our mathematical model as well as its solution have been implemented in the
real production line in Factory L for several months and have proven its effectiveness so far,
see Figure 4 for the implementation scene. Here, to show the effectiveness of our approach,
we adopt a modified data set from the real one, which should be sufficient for the validation
purpose.

Figure 4 Our mathematical model as well as its solution has been implemented in the

production line in Factory L

Let the number of testing items be NT = 30, and M = 105 testing data. The mean
testing time for each testing item, denoted as tTi , is a uniformly distributed random number
between [0.2, 10], while the standard deviation is set as tTi/100. Random numbers following
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the Gaussian distribution are generated using the mean and standard deviation to represent
the testing time of each motherboard, which yields an average testing time for a motherboard
of 186.7708 seconds, close to the real value. The native defective rate of each testing item is a
uniformly distributed random number between [0.998, 1].

Other parameters are determined as follows. The threshold of defective rate in Factory L is
r0
Ti = 0.0005. Out of all motherboards, μ0 = 20% are fully tested. It has q(S0(μ0)) = 24 testing

machines, with each costing uS = 105 CNY, and ua
A = 2 × 106 CNY. The average usage life

lSA = 5. The running time wm
L = 168 hours per week. The number of workers nm

R (S0(μ0)) = 10
and nl

R(S0(μ0)) = 2. The wages vR = 1200. The work time wR = 40 hours per week. The
average repair time tmR = 900 seconds, and tlR = 910 seconds.

The simulation for this study was conducted on a Windows 10 PC equipped with an Intel
Core 2.5 GHz CPU and 32 GB of RAM. The simulation was performed using Matlab R2023a
software. The fmincon function is utilized to solve the optimization problem in (43a–43e) and
(44a–44e), with the optimization interval being [0, 1], and the initial value being random within
this interval.

The ranges of q(S), nm
R (S), and nl

R(S) are set at 12 to 24 sets, 12 to 18 persons, and 0
to 6 persons, respectively. Denote the strategy designed within the framework of Factory L as
S0(μ∗), and the optimal one be S∗. The time required to derive S0(μ∗) and S∗, along with their
corresponding values of q(S), nm

R (S), and nl
R(S) are 74.4 seconds and 55.9 seconds, respectively.

The results are shown in Table 1, where the percentage of fully tested motherboards of S0(μ∗)
is μ∗ = 4.4448× 10−6.

From Table 1, it is seen that strategy S0(μ∗) requires a low percentage of testing for testing
items with high yield rate; S∗ effectively balances between the testing time and defective rate
of all testing items, with the focus on those items that can either be tested fast or are of high
defective rate.

Table 1 Optimal solution vs. Existing solution

Testing Item tTi rTi S0(µ0) S0(µ
∗) S∗

1 8.4132 0.0004 0.2000 0.0122 0.0034

2 5.6211 0.0001 0.2000 0.0122 0.0040

3 4.9850 0.0015 1.0000 1.0000 0.9951

4 6.6460 0.0001 0.2000 0.0122 0.0034

5 5.7984 0.0006 1.0000 1.0000 0.0082

6 3.3483 0.0019 1.0000 1.0000 0.9974

7 9.3973 0.0014 1.0000 1.0000 0.0213

8 5.2658 0.0009 1.0000 1.0000 0.5744

9 6.0082 0.0002 0.2000 0.0122 0.0040

10 9.0318 0.0001 0.2000 0.0122 0.0023

11 8.9430 0.0018 1.0000 1.0000 0.9866

12 5.6829 0.0001 0.2000 0.0122 0.0039

13 7.1624 0.0001 0.2000 0.0122 0.0031
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Table 1 (Continued) Optimal solution vs. Existing solution

Testing Item tTi rTi S0(µ0) S0(µ
∗) S∗

14 1.4172 0.0010 1.0000 1.0000 0.9956

15 2.1517 0.0003 0.2000 0.0122 0.0841

16 8.7972 0.0018 1.0000 1.0000 0.9880

17 6.4684 0.0009 1.0000 1.0000 0.0133

18 8.8059 0.0002 0.2000 0.0122 0.0026

19 6.4338 0.0004 0.2000 0.0122 0.0051

20 9.8463 0.0001 0.2000 0.0122 0.0021

21 2.8260 0.0007 1.0000 1.0000 0.9836

22 2.5504 0.0016 1.0000 1.0000 0.9970

23 8.9067 0.0002 0.2000 0.0122 0.0027

24 4.7249 0.0001 0.2000 0.0122 0.0049

25 3.9446 0.0007 1.0000 1.0000 0.7639

26 8.0647 0.0006 1.0000 1.0000 0.0043

27 3.0057 0.0006 1.0000 1.0000 0.9513

28 3.9100 0.0012 1.0000 1.0000 0.9940

29 9.9752 0.0007 1.0000 1.0000 0.0034

30 8.6386 0.0016 1.0000 1.0000 0.9732

Let Δ∗
0 and Δ∗ be the relative change in the two strategies S0(μ∗) and S∗ compared to

S0(μ0) (unit: Percentage). The essential economic indexes for each strategy are calculated and
shown in Table 2.

Table 2 Other optimization indexes

Index Unit S0(µ0) S0(µ
∗) S∗ Δ∗

0(%) Δ∗(%)

c(S) CNY/board 0.2157 0.1962 0.1456 −9.0355 −32.4790

tm(S) seconds/board 115.2229 98.4304 54.6085 −14.5739 −52.6062

q(S) set 24 21 12 −12.5000 −50.0000

nml
R (S) person 18 18 18 0.0000 0.0000

From Table 2, it is shown that strategies S0(μ∗) and S∗ optimize at the indexes of average
effective cost, average testing time and number of required testing machines without increasing
the amount of repair workers. In particular, strategy S∗ decreases the testing time and cost by
as more as 50% and 30%, respectively. Besides, only half of the testing machines are needed for
testing. This means, by applying the designed strategy S∗ to the production line, the testing
costs can be significantly reduced. Moreover, the expenses related to the space occupied by the
testing machines and the accessories of testing machines are expected to be further reduced,
which is of great economic value.

6 Conclusions

Functional testing in laptop manufacturing is systematically addressed from the academic
community for the first time. This includes the technical understanding of the key principles
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in functional testing, the mathematical modeling of the general framework, the practical eluci-
dating of the existing strategy of a leading factory, and finally a specified optimization strategy
outperforming existing ones.

To actually solve this problem, one may realize that the key challenge is not the optimization
problem itself, but the accurate estimate of the defective rate under scarce labelled data. The
latter is one core challenge for the-state-of-the-art deep learning as well, receiving much atten-
tions from the academic community but having not reached any universally accepted solutions
to date. We are working on solutions to this challenge, not from pure deep learning perspective,
but relying on our deep understanding on the industrial process and the systematic modeling
and design.

We believe that this work is a good example showing that a systematic perspective and
modeling can solve complex industrial challenge, even beyond the imagination of the industry
themselves. We hope that this work can inspire people of interest in academia to contribute to
the industry, provided a real deep collaboration relationship can be built between both sides.
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